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By developing a simple permeance-magnetomotive force (MMF) model of switched-flux permanent magnet (SFPM) machines, the 
air-gap flux-density produced by both permanent magnets (PM) and armature current can be derived, in which harmonics with the 
same order and rotational speed are called an effective-harmonic-pair (EHP). By investigating the influences of armature current 
angle 𝜹 on both the phase and amplitude of each EHP, it is found that the amplitudes of both PM and armature reaction flux-density 
harmonics maintain fixed, whereas the space phase shift between them changes accordingly with armature current angle. Specifically, 
the PM and armature reaction flux-density harmonics are orthogonal in space if zero d-axis current is fed. Therefore, the maximal 
torque is realized for each EHP. As the total torque of SFPM machines is the superposition of the contributions by each EHP, the zero 
d-axis current control method turns out to be the optimum for maximal torque per ampere, thus verifying analytically that the d- and 
q-axis inductances are equal according to the general torque equation for the investigated machine topology. Besides, the torque 
adjustment mechanism of each EHP in SFPM machines has also been analytically demonstrated to be resemble that of surface-
mounted PM synchronous machine (PMSM). Finally, finite-element analysis (FEA) has been performed to validate previous analytical 
predictions. 
 
Index Terms—Effective-harmonic-pair, magnetic gearing effect, SFPM machine, torque adjustment mechanism. 
 
I. INTRODUCTION 
WITCHED-FLUX PM (SFPM) machines have obtained 
increasing attention particularly in industrial applications, 
such as new energy automobiles and domestic appliances for 
the merits of high torque density, high efficiency, robust rotor, 
good thermal management, etc [1-4]. As newly-emergent 
stator-excited PM machines, their operating principles differ 
from those of the conventional PM synchronous machine 
(PMSM). As for the operation principle of SFPM machines, 
existing papers mainly focus on the flux-switching principle, 
viz. the periodic variation of induced phase Back-EMF due to 
rotor movement, typically addressed from a generator-oriented 
perspective [5]. Although this approach can be easy-
understanding to some extent, it cannot reveal the operating 
mechanism of SFPM machines in depth. In fact, identifying 
the torque production and adjusting principle analytically from 
a motor-oriented perspective, analyzing electrical machines 
through the interaction between armature reaction and 
excitation fields rather than open-circuit phase flux-linkages, 
gives more meaningful insight, which helps to reveal the 
nature of SFPM machines in further depth [6]. As known, 
equal pole-pair number as well as rotational speed of air-gap 
PM and armature reaction magnetic fields are essential to 
produce constant electromagnetic torque for any PM AC 
machines, thus harmonic analysis of PM and armature reaction 
flux-densities is of great importance to reveal the torque 
production and adjustment principles of SFPM machines. 
Reference [7] has investigated the torque production 
mechanism of SFPM machines, showing that SFPM machines 
operate on multitudes of effective-harmonic-pairs (EHP) 
based on a magnetic gearing effect. However, it only deals 
with torque production mechanism and fails to investigate the 
torque adjustment mechanism of SFPM machines. 
Armature d- and q-axis inductances are generally assumed 
to be equal for SFPM machines, and thus zero d-axis current 
𝑖𝑑 = 0 control method is often employed in order to maximize 
torque output under fixed armature current amplitude. 
However, the foregoing phenomenon is finite-element analysis 
(FEA) based and strict mathematical or analytical derivation 
has not been explored to date. Besides, it is difficult to figure 
out identical d- and q-axis inductances for SFPM machines 
from perceptual intuition since they inherently exhibit double-
salient structures. In addition, to analytically investigate the 
torque adjustment principles as well as demonstrate equal d- 
and q-axis inductances of SFPM machines can provide 
powerful insights on the physical essence of such machines, 
which in return benefits both their optimization design and 
controls. 
 
The purpose of this paper is to analytically verify identical 
d- and q-axis inductances for SFPM machines through air-gap 
flux-density harmonic analysis for different current angles 𝛿 
from the motor-oriented perspective. This paper is organized 
as follows. In section II, the air-gap PM and armature reaction 
magnetomotive forces (MMFs) for arbitrary angle 𝛿  are 
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Fig. 1.  Cross-sectional view of the three-phase 12s/10p SFPM machine. (a) 
Practical model. (b) Virtual model with smooth rotor. 
  
derived based on a 12-stator-slot/10-rotor-pole (12s/10p) 
SFPM machine with a smooth rotor without considering rotor 
slotting effect. Then, PM and armature reaction flux-densities 
are obtained by multiplying the corresponding MMF and air-
gap permeance of a practical rotor model which takes rotor 
slotting into consideration. Furthermore, the impact of current 
angle 𝛿 on phase and amplitude of PM and armature reaction 
flux-density harmonics for all the EHPs is elaborately 
investigated in section III.  After that, FEA is utilized to verify 
the claimed analytical results in Section IV. Finally, 
conclusions are drawn in section IV. 
II. MAGNETIC GEARING EFFECT OF SFPM MACHINES  
Fig. 1 shows the topology of a three-phase 12s/10p SFPM 
machine, on which the following mathematical inference of 
Fourier expressions of air-gap PM and armature reaction flux-
densities is based. This paper focuses on the analysis of 
harmonic components for PM and armature reaction flux-
densities and their relationship with the current angle δ, which 
is defined as the armature current space vector preceding angle 
with respect to the d-axis in this paper. To show more clearly 
the physical essence of SFPM motors, magnetic saturation and 
leakage flux are not considered in the analytical derivations. 
 
A. Fourier expressions of MMFs for the virtual model 
 
Firstly, Fourier series of PM and armature reaction MMFs 
for the virtual model, shown in Fig.1(b), are derived under the 
aforementioned hypotheses. Letting the axis of Coil A1 to be 
the initial position, the PM MMF waveform can be got as 
shown in Fig. 2, where 𝜃1 and 𝜃𝑡 represent half PM thickness 
and armature teeth width. The PM MMF waveform function, 
𝐹𝑃𝑀(𝜃) can be expressed as: 
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where 𝑀𝑃𝑀𝑖 , 𝑃𝑃𝑀 , 𝜃  are the amplitude of (2i-1)
th PM MMF 
harmonic, stator PM pole-pair number, and spatial 
circumferential mechanical angle respectively. 
For the armature MMF, without consideration of rotor 
slotting, its waveform is shown in Fig. 3, with the 
corresponding Fourier series for each phase which can be 
expressed as: 
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(2) 
where 𝑁𝐶 , 𝐹𝑘 are the number of turns per armature coil, and 
normalized armature MMF shape Fourier constant coefficient 
respectively. 𝑖𝐴 , 𝑖𝐵 , 𝑖𝐶  are the currents of phases A, B, C, 
while  𝐹𝐴0, 𝐹𝐵0, 𝐹𝐶0 represent the DC component of armature 
MMF for phases A, B, C respectively. Their sum is equal to 
zero since both three-phase currents and their spatial positions 
are symmetrical. 
If initially the axis of phase A is aligned to the rotor q-axis 
position, the corresponding armature current space vector 
diagram can be represented as shown in Fig. 4. Therefore, the 
current equations can be expressed as: 
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where 𝛿 , 𝐼 , 𝑁𝑟 , Ω𝑟  represent the current angle and phase 
current RMS value, rotor pole number and rotational speed 
respectively. For motoring operation, 𝛿  should fulfill the 
condition of 𝛿 ∈ [0°, 180°]. 
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Fig. 2.  Air-gap PM MMF waveform for virtual model with smooth rotor. 
 
Fig. 3.  Air-gap armature reaction MMF waveform for the virtual model. 
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Fig. 4.  Armature current space vector diagram at initial position. 
  
From equations (2) and (3), the synthesized three-phase 
armature MMF can be derived as: 
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B. Air-gap flux-density harmonics for the practical rotor 
model 
Fourier series P(𝜃, 𝑡) of the air-gap permeance waveform of 
the practical motor model can be expressed as: 
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where 𝑃0 , 𝑃𝑗  represent the DC permeance and j
th harmonic 
permanence amplitudes respectively. 
Consequently, for the so-called practical model, the 
corresponding air-gap flux-density harmonics arising from PM 
and armature reaction MMFs can be derived by multiplying 
the corresponding MMF and air-gap permeance. As a result, 
the air-gap flux-density contributed by the PMs 𝐵𝑃𝑀(𝜃, 𝑡) can 
be deduced by multiplying 𝐹𝑃𝑀(𝜃) and 𝑃(𝜃, 𝑡) as follows: 
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As can be deduced from (6) and (7), the rotating air-gap 
field harmonics are generated due to the modulating effect of 
harmonic permeance to PM MMF, while the modulation of 
DC permeance to PM MMF still generates static PM field 
harmonics with identical pole-pair number and rotational 
speed to the source PM MMF. More specifically, modulation 
of DC permeance to (2i-1)th PM MMF harmonic produces a 
flux-density harmonic with a pole-pair number (2i − 1)𝑃𝑃𝑀 . 
In contrast, modulation of jth permeance harmonic to (2i-1)th 
PM MMF harmonic produces a flux-density harmonic with 
pole-pair number of |𝑗𝑁𝑟 ± (2𝑖 − 1)𝑃𝑃𝑀|. Characteristics of 
PM flux-density harmonics are listed in Table I. 
 
Similarly, the airgap flux-density contributed by the 
armature current, 𝐵𝐴𝐵𝐶(𝜃, 𝑡)  can be deduced by multiplying 
𝐹𝐴𝐵𝐶(𝜃, 𝑡) and 𝑃(𝜃, 𝑡) yielding: 
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From the foregoing analysis, it is apparent that the 
modulation of DC permeance to armature reaction source 
MMF produces flux-density harmonics with identical pole-
pair number and rotational speed to the armature reaction 
MMF harmonics. However, the modulation of fundamental 
air-gap permeance to armature reaction MMF produces static 
flux-density harmonics, as is shown in the third row of Table 
II and second row of Table III. Similar to the modulation of 
air-gap permeance to PM MMF, the modulation of DC 
permeance to the kth armature reaction MMF harmonic 
produces flux-density harmonic with pole-pair number of 4𝑘. 
Modulation of the jth permeance harmonic to the kth armature 
reaction MMF harmonic produces flux-density harmonic with 
pole-pair number of |𝑗𝑁𝑟 ± 4𝑘|. Characteristics of armature 
reaction flux-density harmonics are listed in Tables II and III. 
 
 
From the above analysis, it is reasonable to conclude that 
the modulation of DC air-gap permeance to both PM and 
armature reaction MMFs does not change the pole-pair 
number and rotational speed of corresponding MMF. 
However, it is the modulation of air-gap permeance harmonics 
TABLE I 
AIR-GAP FLUX-DENSITY HARMONICS ARISING FROM PMS 
Causes Pole-pair number Rotational speed 
0 → (2i − 1)  (2i − 1)𝑃𝑃𝑀 0 
j → (2i − 1) 𝑗𝑁𝑟 + (2𝑖 − 1)𝑃𝑃𝑀 
𝑗𝑁𝑟Ω𝑟
𝑗𝑁𝑟 + (2𝑖 − 1)𝑃𝑃𝑀
 
j → (2i − 1) |𝑗𝑁𝑟 − (2𝑖 − 1)𝑃𝑃𝑀| 
𝑗𝑁𝑟Ω𝑟
𝑗𝑁𝑟 − (2𝑖 − 1)𝑃𝑃𝑀
 
A → B indicating the modulation of Ath permeance harmonic to Bth PM MMF 
harmonic. 
TABLE II 
AIR-GAP FLUX-DENSITY HARMONICS ARISING FROM ARMATURE CURRENT, 
𝑘 = 3𝑚 − 1 
Causes Pole-pair number Rotational speed 
0 → k 4k −
𝑁𝑟Ω𝑟
4𝑘
 
j → k |𝑗𝑁𝑟 − 4𝑘| 
(𝑗 + 1)𝑁𝑟Ω𝑟
𝑗𝑁𝑟 − 4𝑘
 
j → k 𝑗𝑁𝑟 + 4𝑘 
(𝑗 − 1)𝑁𝑟Ω𝑟
𝑗𝑁𝑟 + 4𝑘
 
A → B indicating the modulation of Ath permeance harmonic to Bth PM MMF 
harmonic. 
TABLE III 
AIR-GAP FLUX-DENSITY HARMONICS ARISING FROM ARMATURE CURRENT, 
𝑘 = 3𝑚 − 2 
Causes Pole-pair number Rotational speed 
0 → k 4k 
𝑁𝑟Ω𝑟
4𝑘
 
j → k |𝑗𝑁𝑟 − 4𝑘| 
(𝑗 − 1)𝑁𝑟Ω𝑟
𝑗𝑁𝑟 − 4𝑘
 
j → k 𝑗𝑁𝑟 + 4𝑘 
(𝑗 + 1)𝑁𝑟Ω𝑟
𝑗𝑁𝑟 + 4𝑘
 
A → B indicating the modulation of Ath permeance harmonic to Bth PM MMF 
harmonic. 
  
to PM and armature MMFs that produces a vast number of 
new flux-density harmonics with different pole-pair numbers 
and rotational speeds from its source MMF. Besides, the 
modulation of the jth harmonic air-gap permeance to MMF 
with pole-pair number of n will produce flux-density 
harmonics with a pole–pair number of |𝑗𝑁𝑟 ± 𝑛| , and this 
magnetic gearing effect lies in heterodyning principles. In a 
word, after the modulation of air-gap permeance harmonics to 
the original PM and armature reaction MMFs, lots of new 
field harmonics are generated and both PM and armature 
reaction flux-density harmonics are synchronized to each 
other, resulting in effective torque production of SFPM 
machines. 
III. ANALYSIS OF THE EHP 
For each EHP, the PM magnetic field is relatively static 
with the corresponding armature magnetic field, so their phase 
difference can be illustrated by phase difference at the initial 
position. It is worth mentioning that positive phase difference 
means that the armature magnetic field precedes the 
corresponding PM magnetic field. 
In particular, if 𝑘 = 3𝑚 − 1 , 𝑁𝑟 + 4𝑘 = 12𝑚 + 6 =
(2𝑚 + 1)𝑃𝑃𝑀 , which means that the armature reaction flux-
density harmonic produced by the modulation of fundamental 
airgap permeance to the kth armature MMF harmonic is 
synchronous to the PM flux-density harmonic produced by the 
modulation of  the DC air-gap permeance to (2m+1)th  PM 
MMF harmonic. Besides, similar phenomenon can be 
observed for other EHPs. The characteristics of all the EHPs 
are listed in Table IV and V, which clearly show that each of 
the armature reaction flux-density harmonic has its 
corresponding synchronized PM flux-density harmonic and 
thus they can form an EHP. 
 Interestingly, the phase difference between armature 
reaction and PM flux-density harmonics in each EHP varies 
accordingly with 𝛿, which can be characterized as follows in 
detail. The variation of 𝛿 contributes to the change of phase 
difference in all EHPs. Specifically, phase difference turns to 
be 0° or ±180° if 𝛿 is equal to to 0° or 180°. In contrast, phase 
difference is  ±90°  if 𝛿  is equal to 90° . As is known, 
orthogonal PM and armature magnetic fields result in maximal 
electromagnetic torque of EHP if the amplitudes of both 
magnetic fields are maintained constant. In other words, if 𝛿 is 
90° , equivalent of zero armature d-axis current, maximal 
torque happens for each EHP. In addition, the total torque of 
SFPM machines is the sum of the torques produced by each 
EHP. Thus, zero d-axis current under fixed armature current 
amplitude also contributes to the largest torque output of 
SFPM machines. For any AC PM machine, its 
electromagnetic torque can be expressed as follows: 
 
3
( )
2
PM q d q d qT p i L L i i      (10) 
where 𝑝, 𝛹𝑃𝑀 , 𝐿𝑑 , 𝐿𝑞 , 𝑖𝑑 , 𝑖𝑞  are PM pole-pair number, PM 
flux-linkage, d- and q-axis inductances, d- and q-axis currents, 
respectively. However, for the case of SFPM machines,  𝑝 
should be the rotor pole number since the movement of a rotor 
pole pitch corresponds to an electrical period. 
 
 
From equation (10), if maximal torque under fixed armature 
current amplitude occurs at 𝑖𝑑 = 0, this signifies that 𝐿𝑑 = 𝐿𝑞 . 
That is to say, reluctance torque can be neglected for SFPM 
machines and 𝑖𝑑 = 0  is equivalent of maximal torque per 
ampere (MTPA) control. In other words, the torque 
adjustment mechanism of SFPM machines resembles that of 
surface-mounted PMSM. Thus the fact that for SFPM 
machines, 𝐿𝑑 = 𝐿𝑞 , which is not easily discernable from the 
machine’s geometrical structure, has been proved theoretically 
through the analysis of EHPs for different 𝛿  without 
considering the effects of magnetic saturation. 
TABLE VI 
KEY PARAMETERS OF THE 12S/10P FSPM MACHINE 
Item Value Unit 
Stator outer diameter 90 mm 
Stator inner diameter 55 mm 
Airgap length 0.5 mm 
Rotor outer diameter 54 mm 
Rotor inner diameter 20 mm 
Stack length, 𝐿𝑒𝑓 25 mm 
PM remanence 1.2 T 
PM relative recoil permeability 1.05 - 
Rated armature current 11 A 
Rated speed 400 r/min 
 
IV. FEA VALIDATION 
To validate the aforementioned analytical predictions, FEA 
TABLE IV 
EFFECTIVE-HARMONIC-PAIRS, 𝑘 = 3𝑚 − 1, ∈ [0°, 180°] 
Pole-pair number 
Rotational speed 
Phase 
difference 
Armature 
reaction 
PM 
N𝑟 + 4𝑘 (2𝑚 + 1)𝑃𝑃𝑀 0 δ 
4𝑘 
|𝑁𝑟 − (2𝑚
+ 1)𝑃𝑃𝑀| 
−𝑁𝑟Ω𝑟/4𝑘 δ − 180
° 
|jN𝑟 − 4𝑘| 
|(𝑗 + 1)𝑁𝑟 − (2𝑚
+ 1)𝑃𝑃𝑀| 
(j + 1)𝑁𝑟Ω𝑟/(𝑗𝑁𝑟
− 4𝑘) 
−δ 
jN𝑟 + 4𝑘, j ≠
1 
(𝑗 − 1)𝑁𝑟 + (2𝑚
+ 1)𝑃𝑃𝑀 
(j − 1)𝑁𝑟Ω𝑟/(𝑗𝑁𝑟
+ 4𝑘) 
δ − 180° 
 
TABLE V 
EFFECTIVE-HARMONIC-PAIRS, 𝑘 = 3𝑚 − 2, ∈ [0°, 180°] 
Pole-pair number 
Rotational speed 
Phase 
difference 
Armature 
reaction 
PM 
|N𝑟 − 4𝑘| |2(𝑚 − 1) − 1|𝑃𝑃𝑀 0 δ 
4𝑘, 𝑚 ≠ 1 
|𝑁𝑟 + [2(𝑚 − 1)
− 1]𝑃𝑃𝑀| 
𝑁𝑟Ω𝑟/4𝑘 −δ + 180
° 
4𝑘, 𝑚 = 1  𝑁𝑟 − 𝑃𝑃𝑀 𝑁𝑟Ω𝑟/4𝑘 −δ 
|jN𝑟 − 4𝑘|, 
m, j ≠ 1 
|(𝑗 − 1)𝑁𝑟
− [2(𝑚 − 1)
− 1]𝑃𝑃𝑀| 
(j − 1)𝑁𝑟Ω𝑟
/(𝑗𝑁𝑟 − 4𝑘) 
δ − 180° 
|jN𝑟 − 2𝑘|, m =
1, j ≠ 1 
|(𝑗 − 1)𝑁𝑟 + 𝑃𝑃𝑀| 
(j − 1)𝑁𝑟Ω𝑟
/(𝑗𝑁𝑟 − 2𝑘) 
δ 
jN𝑟 + 4𝑘, 𝑚 ≠
1 
(𝑗 + 1)𝑁𝑟
+ [2(𝑚 − 1)
− 1]𝑃𝑃𝑀 
(j + 1)𝑁𝑟Ω𝑟
/(𝑗𝑁𝑟 + 4𝑘) 
−δ + 180° 
jN𝑟 + 4𝑘 , 𝑚 =
1 
(𝑗 + 1)𝑁𝑟 − 𝑃𝑃𝑀 
(j + 1)𝑁𝑟Ω𝑟
/(𝑗𝑁𝑟 + 4𝑘) 
−δ 
 
  
of a three-phase 12s/10p SFPM machine with infinite relative 
permeability for ferromagnetic materials is performed, with its 
key parameter listed in Table VI.  
 
(a) 
 
(b) 
 
(c) 
Fig. 5.  Air-gap flux-density due to PMs and rated armature current without 
considering rotor slotting for the three-phase 12s/10p SFPM machine. (a) 
Flux-density waveforms. (b) Spectrum of PM flux-density. (c) Spectrum of 
armature reaction flux-density. 
Firstly, air-gap magnetic fields of virtual model under only 
PM excitation and rated armature current 11 A are both shown 
in Fig. 5(a), and corresponding spectra are shown in Fig. 5(b) 
and Fig. 5(c), respectively. As is plotted in Fig. 5(b), pole-pair 
number of PM flux-density harmonics is 6, 18, 30 and etc 
((2𝑖 − 1)𝑃𝑃𝑀, 𝑖 = 1,2,3 ⋯), which is odd times of the pole-
pair number of fundamental PM MMF and it well accords to 
the analytical predictions. For armature flux-density 
harmonics without rotor slotting, its spectrum is exhibited in 
Fig. 5(c). As it can be seen, pole-pair number of armature 
harmonics is 4, 8, 16, 20, 28 and etc (4𝑘, 𝑘 ≠ 3,6,9 ⋯), also 
agreeing well with previous analytical results. Moreover, it 
should be pointed out that the amplitude of each harmonic 
component decreases with the increase of harmonic order for 
both PM and armature reaction fields. 
However, many other field harmonics are generated after 
the modulation of air-gap harmonic permeance to both PM 
and armature reaction MMFs. Fig. 6(a) shows the PM and 
armature reaction flux-density waveforms for practical model, 
which takes rotor slotting into consideration. Obviously, the 
flux-density waveforms are distorted seriously compared with 
that without consideration of rotor slotting in Fig. 5(a), 
indicating there are a vast number of harmonic components in 
the waveforms. Fig. 6(b) shows the spectrum of PM flux-
density harmonics for practical model, apart from original 
harmonic components in Fig. 5(b), there are dominant new 
harmonics with pole-pair numbers of 4, 8, 16, 28 (|𝑁𝑟 ± (2𝑖 −
1)𝑃𝑃𝑀| , 𝑖 = 1, 2 ). Similarly, there are also new dominant 
armature reaction field harmonics as shown in Fig. 6(c), and 
the main harmonics are 2, 6, 14, 18 (|𝑁𝑟 ± 4𝑘|, 𝑘 = 1, 2). 
Therefore, it means that the main new field harmonics are 
caused by the modulation of fundamental permeance to the 
first and second order MMF harmonics.  
 
(a) 
 
(b) 
 
(c) 
Fig. 6.  Air-gap flux-density due to PMs and rated armature current for the 
three-phase 12s/10p SFPM machine. (a) Flux-density waveforms. (b) 
Spectrum of PM flux-density. (c) Spectrum of armature reaction flux-density. 
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Based on the Maxwell Stress Tensor method, the effective 
torque 𝑇𝑛  contributed by field harmonics with pole-pair 
number 𝑛 can be expressed as the following equation 
 
2
_ _ _
0
cos
ef
n r n t n rt n
R L
T B B



  (11) 
where 𝑅, 𝐵𝑟_𝑛, 𝐵𝑡_𝑛, 𝜑𝑟𝑡_𝑛 are the air-gap radius, amplitude of 
radial flux-density harmonic, amplitude of tangential flux-
density harmonic, and phase difference between radial and 
tangential harmonics, respectively. 
TABLE VII 
TORQUE CONTRIBUTIONS OF AIR-GAP FIELD HARMONICS FOR THE 
12S/10P SFPM MACHINE UNDER RATED CONDITION 
Item 
Harmonic pole-pair number 
Total 
4 6 8 16 18 28 
Torque 
contribution 
(%) 
25.86 27.42 -10.36 29.76 15.89 3.99 92.56 
 
Since air-gap PM and armature field harmonics are 
dominated by several harmonic orders as previously stated, the 
effective torque produced by other EHPs is minimal and thus 
can be almost neglected. In other words, most of the average 
torque is produced by several typical EHPs. To validate this 
claim, the average torque of the 12s/10p SFPM machine under 
rated q-axis current 15.56 A is calculated by using FEA, and 
the torque contributions of each EHP are also calculated by 
using equation (11), with the FEA-predicted results listed in 
Table VII. Clearly, the majority of the average torque is 
contributed by several field harmonics. Specifically, over 92% 
of the average torque is produced by harmonics with pole-pair 
numbers of 4, 8, 16, 28 (|𝑁𝑟 ± (2𝑖 − 1)𝑃𝑃𝑀|, 𝑖 = 1, 2) and 6, 
18 ((2𝑖 − 1)𝑃𝑃𝑀, 𝑖 = 1, 2). 
To further validate the aforementioned phase relationships 
between PM and armature reaction flux-density harmonics in 
each EHP, the phase variations of PM and armature flux-
density harmonics with rotor position are plotted in Fig. 7. It 
should be mentioned that here four typical pole-pair numbers 
are extracted for a fair comparison since they are dominant in 
amplitude as can be seem from Fig. 6(b). As is shown, if 𝛿 =
0°, the phase differences between PM and armature fields in 
each EHP are exactly 0° as can be seen from comparing Fig. 
7(a) and Fig. 7(b). In contrast, phase differences approximate 
±90°  if 𝛿 = 90° , which can be observed by comparing Fig. 
7(a) and Fig. 7(c). Therefore, the FEA-predicted results are in 
good accordance with corresponding analytical predictions in 
Table IV and Table V. 
Finally, the d- and q-axis inductances of the 12s/10p SFPM 
machines are calculated by FEA. As is shown in Fig. 8, the d-
axis and q-axis inductances agree well with each other in 
numerical value, with corresponding average values over an 
electrical period to be 389.22 and 390.62 μH, respectively. 
 
(a) 
 
(b) 
 
(c) 
Fig. 7.  Phase of flux-density harmonics with different pole-pair numbers for 
practical model. (a) Arising from PMs only. (b) Arising from armature 
currents only, 𝛿 = 0°. (c) Arising from armature currents only, 𝛿 = 90°. 
 
Fig. 8.  FEA-predicted d- and q-axis inductances waveforms of the 12s/10p 
SFPM machine. 
V. CONCLUSION 
In this paper, by using a simple permeance-MMF model, 
air-gap flux-density harmonics produced by PMs and armature 
currents of SFPM machines are derived. Then, by analysis of 
EHPs at different current angles 𝛿, the following conclusions 
are drawn: 
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1) SFPM machines can be decomposed to multitudes of 
EHPs. 
2) The phase of each armature flux-density harmonic 
changes accordingly with the current angle 𝛿 , and the 
torque adjusting principle of each EHP resembles that of 
surface-mounted PMSMs. When the current angle is 
equal to 90° , the corresponding armature flux-density 
harmonics are orthogonal to the PM flux-density 
harmonics in each EHP, indicating maximal output 
torque for a fixed armature current amplitude. However, 
if the current angle is equal to 0° , the corresponding 
armature flux-density harmonics are aligned or reversely 
aligned to the PM flux-density harmonics in each EHP, 
thus resulting in zero output torque.  
3) In light of the foregoing analysis, the equality of d- and 
q-axis inductances of SFPM machines can be 
demonstrated indirectly according to the torque equation 
of AC PM machines. 
4) Finally, FEA has been performed to validate the 
analytically-predicted results, which shows the pole-pair 
numbers and phases of air-gap field harmonics predicted 
by FEA are in good agreement with those by the 
analytical method. Moreover, the d- and q-axis 
inductances are also calculated to be almost equal by 
FEA, which is consistent with the previous analytically 
derived results. 
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